Magnetic Bottles on Riemann Surfaces 

Gavriel Segre 

Yves Colin de Verdiere's quantization formalism of magnetic bottles on Riemann surfaces of non 
null genus is shown to be affected, owing to the Homotopy Superselection Rule, by the phenomenon of 
the existence of multiple inequivalent quantizations mathematically analogous to the phenomenon of 
the existence of multiple inequivalent prequantizations of a multiply-connected symplectic manifold 
in the framework of Souriau-Kostant's Geometric Quantization. 
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II. INTRODUCTION 

This paper contains the main resuh of my first degree thesis that I defended in July 1997 at the Physics Department 
of the Universita La Sapienza of Rome having as tutor my teacher and friend Giovanni Jona-Lasinio. 

In 1986 the french mathematical physicist Yves Colin de Verdiere [l|, following previous analyses about magnetic 
Schrodinger operators performed by Barry Simon and coworkers 0i 0; introduced a mathematical formalism devoted 
to the quantization of particles having as configuration space a riemannian manifold Q and subjected to a magnetic 
field orthogonal to such a manifold. 

Such a formalism is very similar to the procedure of prequantization of Souriau-Kostant's Geometric Quantization 

In the case in which the underlying simplectic manifold is multiply-connected the phenomenon of Homotopy Su- 
perselection Rule (i.e. the phenomenon discovered at the end of the sixthes and the beginning of the seventhes by 
Larry Schulman and Cecile Morette De Witt according to which there exist inequivalent quantizations of dynamical 
systems having a multiply-connected configuration space; see for instance the 23*'* chapter of 0, the 7*'* chapter of Q 
and the 8*'* chapter of Q as to its implementation, at different levels of mathematical rigor, in the path-integration's 
formulation, as well as the S*'' chapter of [l3], the 3*'' chapter of [ll[ and the section 6.8 of [l^l for its formulation in 
the operatorial formalism) appears in such a formalism as the existence of inequivalent prequantizations. 

This fact has led us to infer that the same phenomenon occurs in de Verdiere's quantization of multiply-connected 
magnetic bottles, a fact that is here deeply analyzed. 
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III. HOMOTOPY SUPERSELECTION RULE 



The phenomenon of Homotopy Superselection Rule (cfr. the previously mentioned hterature) consists in the fact 
that in presence of a multiply connected configuration space, let's call it M, a new topological superselection rule 
arises, the involved superselection charge taking values in Hom{Hi{M, Z), U{1)) where we remind that according to 
the Hurewicz Isomorphism: 

«'<"'^) = [..(MWM)I 

where: 

[G,G] := {x-yx-^-y-^ x.y^G} (3.2) 

is the commutator subgroup of the group G. 

Such a phenomenon appears in physically very different contexts going from the 0-angle of Yang-Mills Quantum 
Field Theories (see for instance the 10*'* chapter of [TS| or the section 23.6 of to the magnetic flux of the solenoid 
involved in the Aharonov-Bohm effect and to the fractional statistic of a quantum system of identical particles living 
on the plane (see for instance [11] and [iGj). 

Hence, in such a situation, the Hilbert space decomposes in the direct sum of superselection sectors: 

T-L = ®eeHom{Hi{M.Z),u{i))'^9 (3.3) 



where of course the family of superselection operators is made of the operators of orthogonal projections over the 
superselections sectors. 
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IV. THE KATO OPERATOR OF A CLOSED SYMMETRIC FORM 

Given an Hilbert space 71: 

Definition IV. 1 

symmetric form on % : 

[E, D{E)) := E : D{E) x D{E) ^ R such that: 

1. D(E) is a hnear subspace dense in T-L: 

2. E is hnear 
3. 

E{il),'il}) > VV' G D{E) (4.1) 

Given a symmetric form (E,D{E)) one can derive from it the new symmetric form (Ei, D{Ei)) where: 

D{Ei) := D{E) (4.2) 

Ei{f,9) := E{f,g) + {f,g) (4.3) 

We wih say that: 
Definition IV. 2 

{E, D{E)) is closed: 

D{E) is complete with respect to the norm \\ ■ ||i := y/Ei{-, •) 

Definition IV.3 

{E,D{E)) IS closable: 

it has closed extension 

Let us assume that {E,D{E)) is closable: 
Definition IV. 4 

closure of {E,D{E)): 

{E,D{E)) := the smallest closed extension of (-B, -D(i?)) 

Then [13, M- 

Theorem IV. 1 

Theorem about Kato operator: 
HP: 

{E,D{E)) closed symmetric form 

TH: 

3 ! K[{E, D{E))] positive, self-adjoint operator : 

DiE) = D{^K[{E,D{E))]) (4.4) 

E{f,g) - WK[{E, D{E))]f, ^K[iE, D{E))]g) (4.5) 

The positive self-adjoint operator K[{E, D{E))] associated by the theorem IIV.II to a closed symmetric form 
{E, D{E)) is called the Kato operator of such a form. 
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V. QUANTIZATION OF A FREE PARTICLE ON A SIMPLY-CONNECTED RIEMANNIAN 

MANIFOLD 

Let us consider the classical dynamical system consisting in a free particle of unary mass, i.e. having action 

. |2 

S[q{t)] := Jdt^^, living on a simply connected riemannian manifold {M,g = g^^dx^^ <E) dx^). 

There exists a long debate in the literature about which is the quantum dynamical system obtained quantizing such 
a classical dynamical system (see for instance the 24*^ chapter of Q , the 9*'* chapter of [5;] , the 3*'' chapter of [HI , 
the 10*'' and 11*'' chapter of ^ and the 15*'' chapter of [Hi)- 

Most of the authors concord that the quantum hamiltonian of such a system is of the form: 

D{H) ^ S^{M) (5.1) 

= ^Ag + CRg (5.2) 

where S^{M) is the A;*'' Sobolev space over M, Ag = ^^^{^J\g\g^" d^f) is the Laplace-Beltrami operator over 

{M,g) (where of course := while g = det{g^i,)) and Rg is the scalar curvature of the metric g [1]. 

As to the value of the constant c the more palatable proposals are c = (according to Cecile Morette De-Witt), 
c = i (in conformity with the 1*'' order term in the asymptotic expansion of the heat-kernel [2^ over (M, g), c = (as 
according to the first Bryce De-Witt), c = | (as according to the last Bryce De-Witt) and various other alternatives 
(someway related to the fact that, for D > 2, H is invariant under conformal transformation if and only if c = 4(d-^i) )• 

We will assume that the correct quantum Hamiltonian is; 



{D{H),H) = K[{D{E) := C^{M), Ei^^,^;^) ■= I dfig < Vg^i,Vg^2 >a)] (5.3) 

J M 

(where d^g :— ^/\g\dx^ . . . (f^*'"'^*') is the invariant measure over {M,g) and Vg is the Levi-Civita connection of 
{M,g)) and hence that Cecile Morette De-Witt is right: 

c = (5.4) 
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VI. QUANTIZATION OF A FREE PARTICLE ON A RIEMANN SURFACE OF GENUS g^O 

Let us now consider the classical dynamical system consisting in a free particle of unary mass, i.e. having action 

. |2 

S[q{t)] -.^ living on a Riemann surface {Y,g,g — g^iydx^ (E> dx'^) of genus 17 7^ 0. 

Theorem VI. 1 

JTi(Sg,Z) = I?3 (6.1) 
PROOF: 

The Theorem of Classification of Bidimensional Manifolds [l^], [13] guarantees that there exists a triangulation of 
Y,g to a simplicial complex, called the normal topological form of Eg, that may be codified through the word in the 
1-simplexes: 

iVi/(Sg) = \{akbkal%' (6.2) 

k=l 

To it there corresponds the system of generators of the 1*'' homotopy group of Sg {ai, 61, • • • , Cg, hg}. 
Clearly they have to satisfy the relation: 



X{akhkal%' = 1 (6.3) 



fe=i 

since the loop made of the boundary of the normal topological form is contractible over Eg. 

The equation 16.31 implies, in particular, that for 5 > 1 7ri(Eg) is not abelian since loops winding different handles 
don't commute. 

The thesis immediately follows. ■ 

The theorem I VI . II implies . in particular, that the torsion subgroup of the first simplicial homology of Eg is null. 
We wiU call T := i7i(Eg,Z) = I?3 the homotopic lattice. 

Theorem VI. 2 



i7om(i/i(Eg,Z),C/(l)) = = xli.S' (6.4) 

PROOF: 

Let us introduce an intersection product • : i7i(Eg, Z) x i/i(Eg, Z) 1— > Z by defining it on the homology 1-cycles of its 
normal topological form by: 

tti ■ ttj := bi-bj := i,j = 1, • • • ,g (6.5) 

ai-bj := -aj-bi := dij i,j = l,---,g (6.6) 
and imposing that on the generic couple of homology 1-cycles: 



c"^ = J2 "-k^k + m^bk n^, TO^ e Z , fc = 1, • • • , (? (6.7) 
fe=i 

g 

""^ - ^nfafe + mf6fe nf , mf e Z , A: = 1, • • • ,<? (6.8) 



fc=i 

it takes the value: 



c^.c^ = {n^ m^)( ] (6.9) 
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The matrix 2g x 2g at the right hand side of the eauation l6.9l is called intersection matrix of the intersection product 
in the basis of homology 1-cycles of its normal topological form. 
Obviously one can choose a different basis. 

/ 

-/ 

By choosing a canonical basis of homology the thesis easily follows. 



A basis in which the intersection matrix assumes the form I / q ' called a canonical basis of homology. 



We will call $ ^ i/oTO(iJi(I]g, Z), [/(I)) T^s the /Zmi torws. 

The existence of the Homotopy Superselection Rule discussed in the section IIIII implies that the Hilbert space of 
quantum states decomposes in the direct integral: 

performed with respect to the measure dO induced on the flux torus by the immersion in it of the first Brillouin zone 
of the homotopic lattice endowed with the Lebesgue measure. 



Remark VI. 1 

It is useful to appreciate how the direct integral [6.10l is similar to the one occurring in the Bloch-Floquet th eory of 
Schrodinger operators invariant under the group of translations of vectors belonging to a Bravais lattice [25| , (26| . 
This is not a coincidence: 

a periodic Schrodinger operator on the real axis may be thought as the lifted to the universal covering space of a 
Schrodinger operator on the circle. 

In an analogous way a Schrodinger operator on invariant under the group of translations of vectors belonging 
to a Bravais lattice may be thought as the lifted to the universal covering space of a Schrodinger operator on the 
D-torus. 

This consideration allows to follow a whole quantization strategy, that we won't follow in this paper, consisting 
in adopting the Generalized Bloch Theorem [11] to determine the spectral properties of the homotopic lifted to the 
universal covering space projecting only at the end to the original multiply-connected configuration space. 

On each homotopy superselection sector the quantum hamiltonian is then given by: 



{D{Hg),Hg) = K[{D{Eg) := Eg{i,,, ^2) := / d^i, < vfVi,vfV'2 >g)] (6.11) 
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VII. QUANTIZATION OF A TRIVIAL MAGNETIC BOTTLE OVER A SIMPLY-CONNECTED 

RIEMANNIAN MANIFOLD 

Let us start from the following: 

Definition VII. 1 

magnetic bottle: 

a couple {{M,g),B) where: 

• (M, g) is a riemannian manifold 

• Be Z2(M) 

Given a magnetic bottle {{M,g),B): 
Definition VII. 2 

{{M,g),B) is trivial: 

B e b2(m) 

Remark VII. 1 

Given a trivial magnetic bottle {{M,g),B) one has that: 

[^] = [I] € H\M,Z) (7.1) 

Let us suppose that M is simply-connected and that the magnetic bottle {{M,g),B) is trivial. 
Since the 2-form B is exact there exists a 1-form A <E n^{M) such that B = dA 

Introduced the trivial hermitian linear bundle L := M x C (whose hermitian structure is naturally induced by the 
riemannian structure of (M, g)) and the hermitian connection D := Vg — iA the quantum hamiltonian obtained 
quantizing {{M,g),B) is: 

{D{H),H) := K[iDiE)^T^{L),Eiij,,i;2)^ f d^s < ^^i, ^^2 >)] (7.2) 

Jm 
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VIII. QUANTIZATION OF A NON-TRIVIAL SYMPLY-CONNECTED MAGNETIC BOTTLE 

Let us now consider the quantization of a non-trivial magnetic bottle {{M,g),B) on a symply-connected manifold 
M. 

Since the magnetic field's closed 2-form is not exact B ^ B'^{M) it cannot be integrated globally. 
Anyway it can be integrated locally, i.e. there exists a contractible open covering {f7i}i£j (where I is a suitable 
index set) and a collection of 1-forms {Ai e fi^(C/i)}i£/ such that: 

B\ui = dAi Vie I (8.1) 

One can the consider the family of local quantum hamiltonians: 



{D{H,),H,) := K[iD{E):=C^{Ui),E{,Pi,,P2):^ / d^lg < {V g ^ iA,)iJjiA^ g - iAi)iP2 >g) (8.2) 

JM 

The problem then naturally arises to determine the conditions under which this collection of local quantum hamil- 
tonians may be patched together to define a global quantum hamiltonian acting on the global sections of a suitable 
fibre bundle. 

Let us then introduce, with this regard, the following: 
Definition VIII.l 

l"* Weyl integrality condition: 



B e 27rZ V closed oriented 2-surface S in M (8.3) 

s 

Definition VIII.2 

{{M,g),B) is quantizable: 

3 L ^ M hermitian linear bundle endowed with an hermitian connection V on it such that := V o V = B 
Then: 
Theorem VIII.l 

Theorem on the 1*'* Weyl integrality condition 

{{M,g),B) is quantizable the 1*'* Weyl integrality condition holds 

PROOF: 

1. Let us proof that if {{M,g),B) is quantizable then the I*'' Weyl integrality condition holds. 

By hypothesis ((M, g), B) admits an hermitian linear bundle L ^ M endowed with an hermitian connection V 
such that _Fv := V o V = 5. 

Given a loop 7 G LOOPS{M) let us consider a surface Si such that 7 = dT,\. 

The holonomy of V along 7 is an automorphism of the fibre Lg,q G Im{'y), independent from the choice of the 
point q along the trajectory of 7, such that: 

H0l^{W) = Lg^Lg (8.4) 

Hol^(S7) = multiplication by exp(i / B) (8.5) 

Let us now consider a different surface S2 ^ Si such that 7 = dT,2 
Since: 



Hol-y{V) = exp(i I B) = exp(i / B) (8.6) 

it follows that: 

B e 27rZ (8.7) 



'S1US2 

Since every closed surface may be constructed in this way the quantization of the flux along it follows. 
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2. Let us now proof that if the 1*'' Weyl integrality condition holds then {{M,g),B) is quantizable. 
Let us, first of all, fix a base point qo on M. 

Let us then consider triples of the form (q, z,j) such that q G M, z (z C and 7 is an oriented path joining qo 
and q. 

Let us then define on such triples the following equivalence relation; 

(gi,zi,7i) (92,2^2,72) := 91 = 92 Az2 = ziexp(i J B) (8.8) 

where E is a surface having as boundary 7 := 71 + (—72) that does exists owing to the fact that tti{M) — and 
hence every 1-cycle on M is also a 1-boundary. 

Let us then consider the quotient set of the triples of the described form with respect to the introduced equiva- 
lence relation: 

L := {[q,z,j]} (8.9) 

L is the total space of a linear bundle L A M defined in the following way: 

• addition on the fibres: 

[(g,zi,7)] + [(g,z2,7)] = [(9,21+^2,7)] (8-10) 

• scalar multiplication: 

c[(g,z,7)] = [q,cz,j] (8.11) 

• local trivializations: 

let us consider a a simply connected open U over M, a local potential over U of the magnetic field: 

A e n\U) = B\u = dA (8.12) 

a point qi £ U and a path 70 joining qo and qi; let us then define the local section tp e T{U, L) of L ^ M 
defined as: 

V'(g) := [(g,exp(-i / A, 7))] (8.13) 



71 



where 71 is a path joining qi and q while 7 := 70 + 71 



By construction ip is independent from 71. A different choice of 70 or of qi, furthermore, alterates ip hy a global 
phase ip I— exp{i9)tlj , 9 E [0, 27r) while the choice of a different local potential over U of the magnetic field, 
corresponding to the ansatz: 

A ^ A + du (8.14) 
where u € C°°{U) is such that: u(gi) = 0, alterates -0 by the local phase: 

ip exp{—iu)4> (8.15) 

Repeating such a construction for every chart Ui of an open covering of M it results defined an atlas of local 
trivializations. 

The {Ai}, furthermore, are the local potentials of a connection V whose curvature is equal to the magnetic field B. 
The condition: 

< > = 1 (8.16) 
determinates, finally, an hermitian structure over L A M with respect to which V is an hermitian connection ■ 
Let us then suppose that the 1*'' Weyl integrality condition holds. 

Given the hermitian linear bundle L A M endowed with the hermitian connection V on it such that i^y ■— 
V o V = -B whose existence is assured by the theorem I VIII. 1 1 the quantum hamiltonian is simply: 



{D{H),H) :- X[(i?(i?):=r-(i),i?(Vi,V'2):= / d^^s < V^i, VV2 >) (8.17) 

J M 
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Example VIII. 1 

Let us consider the important particular case in which {M — S^,g = d6 ® d9 + sin^ 6d(j) ® d(t>) is the 2-sphere endowed 
by the induced metric owed to its embedding in the three-dimensional euclidean space (R"^, S — S^j^^dx^ ® dx"). 

Since the only closed 2-surface in the 2-sphere is the 2-sphere itself, the 1*^ Weyl integrality condition reduces to 
the condition of quantization of the total flux of the magnetic field along 5^, i.e.: 



/ S e 27rZ 



(8.18) 
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IX. QUANTIZATION OF A NON-TRIVIAL MULTIPLY-CONNECTED MAGNETIC BOTTLE: 

QUANTIZABILITY 



We have seen in the proof of the theorem IVIII.ll that the hypothesis tti (M) = played a key role by determining 
that the 1-cycle determined by two different paths joining two fixed points is also a 1-boundary. 

In the case in which tti{M) 7^ 0, contrary, the I*'' Weyl integrality condition is no more sufficient to guarantee 
the quantizability of a magnetic bottle {{M,g), B) and it is necessary to introduce the following: 

Definition IX. 1 

^/^gyi integrality condition: 

[^] e H\M,Z) (9.1) 

as it is stated by the following: 
Theorem IX. 1 

Theorem on the 2*'' Weyl integrality condition 

{{M,g),B) is quantizable <^ the 2*'* Weyl integrality condition holds 

PROOF: 

1. Let us prove that if the 2*'* Weyl integrality condition holds then {{M,g),B) is quantizable. 
The 2*'' Weyl integrality condition implies that there exist a triple {{Ui}, {Ai}, {ujk}) such that: 

• {Ui} is a contractible open cover of M 

• {Ai} is a collection of local potentials of the magnetic field: 

A, e n\U,) : B\u, = dA, (9.2) 

• {ujk} is a collection of maps Ujk G C°°{Uj n Uk) such that: 

dujk = Aj - Ak if Uj nUk^9 (9.3) 

{ujk + uki + uij) e Zifu^nUknUi^^ (9.4) 



2tt 



Posed: 



it follows that: 



tjk := exp(TOjfc) (9.5) 

^ = Aj- Ak if Uj nUk^fb (9.6) 

tjktkiUj = 1 tf U^nUkCiUi^^ (9.7) 
By construction the maps {tjk} obey, furthermore, the condition: 

tjktkj = 1 ifUjCiUk^^ (9.8) 

The equation 19.81 and the equation 19. 71 are equivalent to the condition that the {tij} define a 1-cocycle in the 1*'' 
Cech cohomology group taking values in the complex plane (thought as a group with respect to multiplication) 
and are a necessary and sufficient condition in order that the {tij} are the transition functions of a linear bundle 
L4 M. 

The equations 19.61 and 19.71 are furthermore a sufficient condition in order that the local potentials {Ai} deter- 
minate a connection V on such a bundle having curvature F\r := V o V = B. 

Since, furthermore, the {Ai} are real 1-forms and the {tij} have unitary modulus it follows that there exists an 
hermitian structure over L ^ M with respect to which V is an hermitian connection. 
Hence {{M,g),B) is quantizable. 
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Let us prove that if {{M,g),B) is quantizable then the 2* Weyl integrality condition holds. 

By hypothesis there exists an hermitian linear bundle L A- M endowed with an hermitian connection V on it 
such that i^v := V o V = B. 

Let us then consider the transition functions {ty } of L A A/ relative to a contractible open covering {Ui\ of M. 
Introduced the following quantities: 

Z]ki ■■= (log tjk + log tki + log tij) if Uj n [/fc n [// 7^ (9.9) 

it follows that 

zjki e Z (9.10) 
since the transition functions of a linear bundle obey the cocycle condition: 

tjktkltlj = 1 (9.11) 
Let us then consider the Chern class oi L ^ M that, since Fy := V o V = B, is: 

c{Fy) = [|-] (9.12) 

Owing to the isomorphism existing between the cohomology groups and the Cech cohomology groups with real 
coefficients, to c(Fv) it does corresponds a 2-cocycle of Cech cohomology with integer coefficients of which 2ttz 
is a representing element. 

Since, according to the eauation l9.101 such a cocycle is at integer coefficients, it follows that: 

c(Fv) e H^{M,Z) (9.13) 



16 



X. PREQUANTIZATIONS OF A SYMPLECTIC MANIFOLD 

Let us recall some basic notions concerning Souriau-Kostant's Geometric Quantization @, Q: 

Definition X.l 

symplectic manifold: 

a couple (M, a;) such that: 

• M is a differentiable manifold 

• we Z^(Af) is non degenerate 
Given a symplectic manifold (Af, oj): 

Definition X.2 

prequantization of (M, uj) 

a couple (L A M , V) such that: 

• L ^ M is an hermitian line bundle 

• V is a connection over L M whose curvature is w 
Given a symplectic manifold (M, cj); 

Definition X.3 

(Af , w) is quantizable: 

there exist prequantizations of (A/, a;) 

Let us now introduce the following: 
Definition X.4 

Ansatz from magnetic bottles to symplectic manifolds: 

configuration space of a magnetic bottle — ^ phase space of a symplectic manifold 
magnetic 2-form of a magnetic bottle — ^ symplectic form of a symplectic manifold 



Remark X.l 

Let us remark that the underlying manifold of a magnetic bottle is the configuration space of dynamical systems while 
the underlying manifold of a symplectic manifold is the phase space of dynamical systems. 

Furthermore the symplectic form of a symplectic manifold is not only closed but also non degenerate. 

Last but not least a magnetic bottle is also endowed with a riemannian structure. 

Anyway the non-degeneration's condition of the symplectic form plays no role in the prequantization of a symplectic 
manifold. 

In a similar manner the riemannian structure of a magnetic bottle plays no role in the construction of an hermitian 
linear bundle endowed with an hermitian connection having as curvature the magnetic 2-form. 

It follows that, from a mathematical point of view, the prequantization of a symplectic manifold and the construction 
of the quantum Hilbert space of states of a magnetic bottle are mathematically identical procedures. 

Theorem X.l 

Theorem about 2*'' Weyl integrality condition: 

{M,uj) is quantizable ^ [^] € H'^{M,Z) 
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PROOF: 

It is sufficient to restate tlie proof of the tfieorem IIX.II making tlie ansatz IX. 41 and taking into account tfie remark 

EH ■ 

Theorem X.2 

Multiplicity of prequantizations: 

the set of inequivalent prequantizations of (M, oj) is parametrized by Hom{Hi{M,'L),U{l)) 

PROOF: 

Applying the inverse of the ansatz IX.4I (taking into account the remark IX. 1[) to the first part of the proof of the 
theorem IIX.II it fohows that an hermitian linear bundle L A M endowed with an hermitian connection V on it such 
that Fv '■— V o V = a; is determined by a triple {{Ui},{Ai},{ujk}) such that: 

• {Ui\ is a contractible open cover of M 

• {Ai] is a collection of local potentials of the magnetic field: 

A, e n\U,) : B\u, = dA, (10.1) 

• {ujk] is a collection of maps € C°°{Uj n Uk) such that: 

dujk = A, - Ak if Uj n C/fc ^ (10.2) 

:^{ujk + uki + uij) e Z ifU,nUknUi^(li (10.3) 

ZTT 

By performing on such a triple {{Ui}, {Ai}, {ujk}) the following ansatz: 

Ujk H> u^-fc := Ujk + Ujk (10-4) 

where yjk G K is such that: 

Vjk = -ykj (10.5) 

^{yjk + Vki + yij) e z if nUtnUi ^ 9 (10.6) 

ZTT 

the new triple {{Ui}, {Ai}, {m^^.}) satisfies again the conditions of the equation 110.21 and the equation 110.31 

Such an ansatz corresponds, therefore, to replace the fibre bundle L A M with the fibre bundle L ® F ^ M 
where F A M is the hermitian linear bundle having the following transitions functions: 

t-jk ■= ejip{iy.jk) (10-7) 

Since the tjk & U{1) are constants it follows that the fibre bundle F M is flatizable, i.e. it admits a connection 
with null curvature. 

Hence L® F ^ M admits a connection V' such that Fv V' o V' — B. 

As a result, given an hermitian linear bundle L ^ M endowed with the hermitian connection V on it such that 
Fv := V o V — uj, other hermitian linear bundles endowed with the hermitian connection V having as curvature ui 
may be obtained multipliying tensorially for flatizable hermitian linear bundles. 

That all the hermitian linear bundles endowed with an hermitian connection V having as curvature w may be 
obtained in this way, furthermore, follows by observing that given an hermitian linear bundle ii A Af endowed with 
the hermitian connection Vi on it such that Fv^ '■— Vi o Vi = uj and another hermitian linear bundle L2 — > M 
endowed with the hermitian connection V2 on it such that Fva V2 o V2 = w the fibre bundle L^^ ® L2 M is 
flatizable. 

Hence the set of possible prequantizations of {M, uj) are in bijective correspondence with the set of the the flatizable 
hermitian linear bundles over M. 
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From the other side, as it can be appreciated considering the restriction posed on the transition functions seen as 
cocycles of Cech cohomology, these are in bijective correspondence with the elements of H^{M, U{1)). 
Since: 

H\M,U{1)) = Hom{Hi{M,Z),U{l)) (10.8) 

the thesis foUows. ■ 
Remark X.2 

In the framework of Geometric Quantization the prequantization of the phase space is not the whole story since, after 
it, the procedure of quantization is performed by restricting the Hilbert space of states, so that the wave function 
doesn't depend on both position and momentum, by introducing a polarization, i.e a sort of fibration of the phase 
space in lagrangian submanifolds of maximal dimension. 
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XI. QUANTIZATION OF A NON-TRIVIAL MULTIPLY-CONNECTED MAGNETIC BOTTLE: 

MULTIPLICITY OF QUANTIZATIONS 

Given a non-trivial multiply-connected magnetic bottle {{M,g),B) the mathematical analogy between Yves Colin 
de Verdiere's quantization formalism for magnetic bottles and the formalism of prequantization in the framework of 
Souriau-Kostant's Geometric Quantization may be used to infer that: 

Theorem XI. 1 

Multiplicity of quantizations: 

the set of inequivalent quantizations of a magnetic bottle {{M,g), B) is parametrized by Hom{Hi(M, Z), U{1)) 

PROOF: 

It is sufhcient to restate the proof of the theorem IX. 21 making the inverse of the ansatz IX.4I (taking into account the 
remark IX.ip to obtain the thesis. ■ 

The multiplicity of quantizations stated by the theorem IXI.ll is nothing but a manifestation of the Homotopy 
Superselection Rule, different quantizations corresponding to different homotopy superselection sectors. 

Hence the quantum hamiltonian of the quantum dynamical system obtained quantizing the magnetic bottle 
{{M,g),B) has quantum hamiltonian: 

{D{H),H) — <E)eeHom.{Hi(M,i,),uii)) {D{He),He) (11.1) 

where: 

{D{He),He) ■= K[{D{E) ■.= T^{Le) , E{^^,^2) ■= [ d^ig < Ve4'iy9^2 >0)] (11.2) 

where Lg ^ M is the hermitian linear bundle over M endowed with the hermitian connection on it such that 
Ve o Ve ~ i? parametrized by the homotopic superselection charge 6* e i?om(_ffi(A/, Z), J7(l)). 

Example XI. 1 

Let us consider in particular the case in which M = Sg is a Riemann surface of genus g 0- 
Then the quantum hamiltonian may be expressed as: 

iD{H),H) = r de{D{Hg),Hg) (11.3) 

where : 

{D{Hg),Hg) := K[{D{E) := T^{Le) , £;(^i, V2) := / d^lg < V,^i, V,-^2 >,-))] (11.4) 

where Lg A Eg is the hermitian linear bundle over T,g endowed with the hermitian connection Vg on it such that 
Fv- '■— '^f)°'^g — B parametrized by the homotopic superselection charge 9 belonging to the flux torus <I> = T^^ . 
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XII. NOTATION 



[G,G] 


commutator subgroup of the group G 


5'=(M) 


fc*'* Sobolev space of the manifold M 


<;>g 


inner product induced by the riemannian metric g 




mvariant measure on the riemannian maniloid (ivl , gj 


Vg 


Levi-Civita connection of the riemannian manifold (M , g) 


Ag 


Laplace-Beltrami operator oi the riemannian manifold (M , g) 


Rg 


scalar curvature of the riemannian metric g 


Ntf{T.g) 


1 J 1 •If Til T» ■ r 

normal topological lorm ol the Kicmann surtace l^g 


Hom{Mi,M2) 


homeomorphisms between the topological spaces Mi and M2 


f2"(M) 


n-forms over M 


Z„iM, G) 


n-cycles over M with respect to G 


G) 


n- boundaries over M with respect to G 


Hn{M, G) 


rr"- homology group over M with respect to G 


Z'^{M, G) 


n-cocycles over M with respect to G 


B'^{M, G) 


n-coboundarics over M with respect to G 


H"[M, G) 


■/"All 1 jj 

TV" cohomology group over M with respect to G 


LOOPS{M) 


loops over M 


TTniM) 


n*'* homotopy group of M 


c{F) 


Chern class of a fibre bundle endowed with a connection having curvature F 


C°°{M) 


smooth functions over M 


Co W 


smooth functions with compact support over M 


V°°{L) 


jl J" Oil f^l 1 Tlx 

smooth sections of the nbre bundle L 




smooth sections with compact support ol the nbre bundle L 


T^{L,U) 


smooth local sections over the open U of the fibre bundle L 


T^iL,U) 


smooth local sections with compact support over the open U of the fibre bundle L 


Hol^{V) 


holonomy of the connection V along the loop 7 


{D{E),E) 


closure of the symmetric form {D{E),E) 


K[{D{E),E)] 


Kato operator of the closed symmetric form {D{E), E) 
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